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We consider the optomechanical system consisting of an atom-cavity system coupled with a me¬ 
chanical resonator, and expand the notion of quasi-dark state to the optomechanical system. We 
theoretically prove that even if both the one-mode light of the cavity and the one-mode Bose field 
of the mechanical resonator interact with the atom, each of a dark state and a quasi-dark state has 
an individual chance to appear when an interaction between the one-mode light and the one-mode 
Bose field exists. We then come up with a duality between the dark state and the quasi-dark state. 
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I. INTRODUCTION 

The dark state [I| is a significant phenomenon of a co¬ 
herent trapping in quantum optics. It supplies us with 
important technologies such as electromagnetic-induced 
transparency (EIT) and cavity-induced transparency 
(CIT) 3 for the development of both quantum infor¬ 
mation and quantum computing. The dark state usu¬ 
ally comes up for a coherent superposition of a three- 
level atom in the so-called A-configuration. Meanwhile, 
Wang and Zhou in Ref. considered an atom-cavity sys¬ 
tem surrounded by a heat bath, and then, they found 
an interesting notion of ‘quasi-dark’ state, which results 
from the coupling between the atom and the heat bath, 
and the coupling between the cavity and the heat bath. 
They showed that the quasi-dark state appears when the 
atom-cavity coupling is absent. The quasi-dark state oc¬ 
curs according to the mechanism similar to that for dark 
state in the EIT phenomenon 0. The EIT technolo¬ 
gies have been realized even in a solid medium ii, 
which increases our expectations of possibilities in quan¬ 
tum information and quantum computing. In particu¬ 
lar, one of them is for quantum memory @,0. As for 
quantum memory, in the meantime, the superconducting 
qubit coupled with the nitrogen-vacancy centers in dia¬ 
mond has vigorously been studied 0 0 . Recently, a dark 
state for such a qubit has been observed in an experiment 
M- Theoretically to explain their dark state, they em¬ 
ployed a model, which can mathematically be regarded 
as a model describing a two-level atom coupled with a 
one-mode light in the circumstance made by a one-mode 
heat bath. Their theoretical model is an antipode of the 
model for the quasi-dark state in a sense because their 
model has no coupling between the atom and the one- 
mode heat bath, and thus, any quasi-dark state does not 
appear. A question arises then. Can each of a dark state 
and a quasi-dark state have individual chance to appear 
if both the atom-cavity interaction and the interaction 
between the atom and the heat bath exist? 
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We can mathematically r^ard the heat bath that 
Wang and Zhou used in Ref.Q as an external field ap¬ 
plied to the atom-cavity system. In theory it has been 
known that an external field causes a dark state even 
for the Jaynes-Cummings (JC) model [ll| following the 
idea of driving cavity by an external laser [l^ instead of 
driving atoms in the CIT Q, even though each excited 
state of the original JC Hamiltonian is not allowed to be 
a dark state because of its form of superposition. The JC 
model primarily describes the two-level atom, not three- 
level atom, coupled with a one-mode light. Thus, the 
observation by Emary in Ref. m inspires us with a pos¬ 
sibility that the heat bath regarded as the external field 
may result in not only the quasi-dark state but also a 
dark state if there are proper three interactions, the in¬ 
teraction between the atom and the light, the interaction 
between the atom and the external held, and the interac¬ 
tion between the light and the external Held. Therefore, 
the above antipodes, the existence of a dark state and the 
existence of a quasi-dark state, are theoretically of inter¬ 
est, and arouse physical curiosity in the relation between 
them. 

In this paper we consider these antipodes based on the 
perspective of an optomechanical system [H, [il. We 
handle the optomechanical system consisting of an atom- 
cavity system coupled with a mechanical resonator. Al¬ 
though such an optomechanical system was theoretically 
studied by Wang et al. 1^ , we consider a model different 
from theirs to consider the antipodes. We assume that 
our theoretical model is described by the one-mode heat 
bath version of the Hamiltonian that Wang and Zhou 
used in Ref.0. We, however, regard the one-mode heat 
bath as a one-mode Bose Held of the mechanical resonator 
like of phonon [iMl. We suppose that our atom for the 
atom-cavity system is a two-level system such as a super¬ 
conducting LC circuit with some Josephson junctions or 
a harmonic oscillator such as an LC circuit without any 
Josephson junction. We will then prove that a quasi¬ 
dark state can appear even if there is an atom-cavity 
coupling. Namely, we will expand the Wang and Zhou’s 
notion of quasi-dark state to our optomechanical system 
by theoretically proving that each of a dark state and a 
quasi-dark state has a chance to appear even when both 
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the one-mode light and the one-mode Bose field can in¬ 
teract with atom. Then, we will come up with a duality 
between the dark state and the quasi-dark state. In addi¬ 
tion, we will show the necessity of an interaction between 
the one-mode light and the one-mode Bose field for the 
existence of each of the dark state and the quasi-dark 
state. 

Our paper is constructed in the following. In SecHIl 
the Hamiltonian of our model is described. In Sec lIIIl we 
consider the case where the atom is the two-level system 
described by the JC model. In SecHV] we consider the 
case where the atom is a harmonic oscillator described 
by the rotating wave approximation (RWA). In Sec lIIIl 
and SecH^we show that our models reveal a duality. In 
Sec|V] we consider the duality in terms of the particle 
numbers. In Sec IVIl we point out the necessity of the 
interaction between the one-mode light and the one-mode 
Bose field for each of the existence of the dark state and 
the quasi-dark state. 


II. THEORETICAL MODEL 

We denote by a (resp. a^) the spin annihilation (resp. 
spin creation) operator when we consider a two-level sys¬ 
tem in the cavity, and the boson annihilation (resp. cre¬ 
ation) operator when we consider the harmonic oscillator 
in the cavity. The annihilation and creation operators of 
the one-mode light are respectively denoted by b and . 
The Hamiltonian of the atom-cavity system is given by 

Hcav = WaO^a -I- (jJhb^b + (A*a^6 -|- Xb^a) (2.1) 

for a coupling constant A. In the case where we consider 
the two-level system in the cavity, the Hamiltonian iJcav 
is that of the Jaynes-Cummings model: 

Hjc = ojacr+a- + Wbb^b + (A*cr+6 -f A6V_) , 

where the annihilation and creation operators, a and a^, 
respectively become the spin annihilation and creation 
operators, a = a- = {ax — iay)(2 and = tT+ = {ax + 
iay)l2 for the Pauli matrices, ax, ay, and Cz- We call 
the case where the Hamiltonian i?cav is for the two-level 
system (resp. harmonic oscillator) coupled with the one¬ 
mode light the ‘two-level atom’s case’ (resp. ‘harmonic 
oscillator atom’s case’) in this paper. 

We apply a Bose field as another field to the atom- 
cavity system so that the total Hamiltonian H becomes 

H — 

-I- -I- Cc^a) -I- (k*6^c -I- , (2-2) 

where c, are respectively the annihilation and creation 
operators of the Bose field, and ^ and k coupling con¬ 
stants. Our total Hamiltonian H is the one-mode heat- 
bath version of the Hamiltonian discussed by Wang and 
Zhou 0. In the case where the coupling constant £ is 
equal to zero, it becomes the Hamiltonian used in Ref.|10l| 


theoretically to explained the dark state found in their 
experiment. 

We denote by \g)a and \e)a the ground state and the 
excited state, respectively, in the case where we consider 
the two-level system, by |0)o the Fock vacuum in the 
case where we consider the harmonic oscillator. We also 
denote by |0)t, and |0)c the Fock vacuums for the the one¬ 
mode light in the cavity and the one-mode Bose field, 
respectively. Similarly, we denote by |n)u, j) = a,b,c, the 
Fock state with the particle number n. 

In this paper, we decompose the total Hamiltonian H 
in the following: 

H = + i?RWA + {X*a^b + Xb^a) + (£*a^c + £c^a), 

where the Hamiltonian FIrwa is defined by 

Hbwa = uibb^b -I- ujcC'c + {K*b^c + Kc'b) 

describing the energy for the part of the one-mode light 
and the one-mode Bose field. We employ a Bogoli- 
ubov transformation given in SecIA] for this Hamilto¬ 
nian LIrwAi which is slightly different from standard one, 
exp [061 c — 9*c^b]. We then obtain quasi-boson annihila¬ 
tion operators (3j, j = 1,2, as 


/3,=M, (^6+^A^c), (2.3) 

where the energy Cj and the normalization factors Mj are 
Cj = ^ (wb -f Wc -f {-iy^J{ujb - Wc)^ -f 4 |k|2} , (2.4) 

The immediate computation leads to the condition, 
Sj=i 2 = 1. We note the annihilation operators b 
and c have the representation. 




j=i,2 

ej - Wfe 


E 


i=i,2 




/ 3 ,. 


( 2 . 6 ) 


Using the annihilation operators Pj and the creation op¬ 
erators /3j, we can diagonalize the Hamiltonian FIrwa 
as 


Hkwa = E (2.7) 

i=i.2 

To make all the energies positive, we assume the con¬ 
dition, 


| k | < y/OJbUJc- 


(Ass 1) 
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III. TWO-LEVEL ATOM’S CASE 


By the representation Eas. (l2.6l) the total Hamiltonian 
can read 


H = UJaCr+cr^ + ’ 

(3.1) 


3 = 1,2 3 = 1,2 

where the coupling constants Fj are 

.Cj - UJh 


r,=M, A + e 


(3.2) 


The total Hamiltonian conserves the total number, i.e., 
\H, V] = 0 with the total number operator 


N = 


\ cr z 


■ E dft. 

i=i.2 


We denote by the orthogonal projection on the 

eigenspace of each fixed quasi-boson number £, i.e., 
= £, for the decomposition = 

'YhTLo ■ Then, the total number operator N has the 
representation, N = ^Pf^ with 

n - p(o) if£ = 0, 

2 


+ if £=1,2,..., 

(see Eq.(2.19) of Ref. (l9j 1. Due to that conservation law, 
each eigenstate of the total Hamiltonian has the form of 
Flip for a proper In the case £ = 1, solving HPiip = 
EPiip, we can realize that the eigenstate Piip with the 
eigenenergy E has the form of 


Flip =|e)a|0,0)/3 -f |g)a|l,0)/3 -f |g)a|0,l)/3 

H/ — €i lL — 62 

= |e)a|0)6|0)e 


+ E 
+ E 


E — iv 
k*{E - 


A + Is)a|l).|0). 

+ l5)a|0),|l)., 

(3.3) 


where |ni,n2)/3 = (l/V»^i!n2!)(/3|)”i(/S^)”^|0)&|0)c, and 
E is the zero of the function 


Di{x) = X-OJa 


E 



We recall that the functions Di{x) has two zeros, x = Ei 
and X = i?2, i.e., Di{Ej) = 0, and then, we have the 
condition, 0 < i?i < ei < E 2 < £ 2 , provided that 


E 





a 


(see Lemma 4.1 of Ref. 0). 

We first consider the two cases. That is, one of them is 
the case where the interaction between the atom and the 
one-mode Bose field is absent, i.e., ^ = 0, and the other 
is the case where the atom-cavity interaction is absent, 
i.e., A = 0. 

We assume the condition, ^ = 0, now. That is, we 
suppose that there is no interaction between the atom 
and the one-mode Bose field. Then, our total Hamilto¬ 
nian is the Hamiltonian considered in Ref. 0. We set 
the parameters w;,, uic, A, and k as 

D = uib = ujc, A = G, and k = J 

for positive numbers, D, G, J, and a phase 9, respec¬ 
tively. We can compute the values of the normalization 
factor Mj as Mj = l/-\/2 by Eg. (12.51) . So, the coefficient 
of the state |g)a|l)b|0)c in Eg. (13.31) is 

G{E - D) 

{E - DY - J2 ’ 

and the coefficient of the state |g)a|0)6|l)c in Eg. (13.31) is 
e-^^GJ 

{E - D)2 - J2 • 

We can obtain the expression, Di{D) = D — tUa, which 
tells us that the point x = D is a zero of the func¬ 
tion Di{x) provided that the frequency uJa agrees with 
the va lue D. T herefore, the normalized eigenstate 
Flip/\J(PiiplPiip) with the eigenenergy D is obtained by 
normalizing Eo. (l3.3l) . and it becomes a dark state that 
Zhu et al. found up to the coefficient —e*® with 9 = n 
(see Eq.(4) of Ref. [1^1: 

T p~^^G 

The light emission of this dark state \D) is exactly zero 
similar to the dark state Eq.(15) of Ref. 0 pointed out 
by Emary (see also his observation based on the master 
equation). For an arbitrary zero a; = E of the func¬ 
tion Di{x), however, the eigenstate Piip cannot become 
a quasi-dark state of which type is found by Wang and 
Zhou whenever the condition, GJ ^ 0, holds. 

Conversely, we suppose that there is no atom-cavity 
interaction, that is, we assume the condition, A = 0. We 
now set the parameters ujb, ujc, A, and k as 

D = ujb = ujc, ^ = G, and k = J 

for positive numbers, D, G, J, and a phase 9, respec¬ 
tively. In the same analogy as above, the coefficient of 
the state |g)a|l)&|0)c in Eg. (13.31) is 

e*®GJ 

{E - Df - J2 ’ 

and the coefficient of the state |5)o|0)t,|l)c in Eg. (13.31) is 

G{E - D) 

{E - DY - J2 • 


< w, 
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Therefore, the eigenstate cannot become a dark state 
that Zhu et al. found |10| for an arbitrary zero x = 
E of the function Di{x) under the condition, GJ 7 ^ 0. 
However, the eigenstate Pi'0 with the eigenvalue D can 
become a quasi-dark state instead. Its normalized one is 

provided that the frequency uJa agrees with the value D. 
This is the quasi-dark state that Wang and Zhou found 
(see Eq.(ll) in Ref.j^ and its observation based on the 
master equation). This quasi-dark state emits no boson. 

These are the antipodes of the existence of a dark state 
of the type that Zhu et al. found m and the existence of 
a quasi-dark sate of the type that Wang and Zhou found 
in the two-level atom’s case. 

On the other hand, we take our interest in the case 
7 ^ 0 from now on. Namely, we concentrate our atten¬ 
tion on the case where both the one-mode light and the 
one-mode Bose field can interact with atom in the last 
part of this section. We here tune the frequencies ujh and 
LOc with each other: 


LO = UJb = LOc- (3-4) 

We suppose that the parameter k is positive, and the 
parameters A and ^ are real. We define functions E{x,y) 
and f[x,y) by 


E{x,y) 


= LU — n— 
X 


and 


f(x,y) = (---] y. 

\X K/ 

These two functions play mathematically important roles 
for the existence of the dark state and the existence of 
the quasi-dark state, and their exchange. 

By the form of Eq. (13.31) , we have the coefficient of the 
vector | 5 )a|l)b| 0 )c as 


A 


{E-E{X,0), 


{E — uj + k){E — uj — k) 
and the coefficient of the vector |g)a|0)b|l)c as 


{E — uj + k){E — uj — k) 


{E-E{i,X)). 


(3.5) 


(3.6) 


If we assume that the parameters, A, k, satisfy the 
condition. 


/(A,0=w-wa, (3.7) 


and it becomes a dark state I'D) with the same type as 
found by Zhu et al. (see Eq.(4) of Ref.fl^l: 


\V) := 




A 2 


|e)a|0)b|0)c- 


A 


+ A 2 


l5).|0)b|l)c. 


In the same way, if we assume that the parameters, 
A, K, satisfy the condition. 


/(^,A) = w-Wa, (3.8) 


then the point x = E(^, A) is a zero of the function 
Di{x) as shown in SeclC] The normalized eigenstate 
Pi'ip/\J (PiV'lRiV') the eigenenergy E(^, A) becomes 
a quasi-dark state \D) with the same type as found by 
Wang and Zhou (see Eq.(II) in Ref.j^): 


\V) := 




|e)a|0)b|0),- 






l5)a|I)b|0)e. 


Therefore, exchanging the values of the two coupling 
strengths A and ^ in the both functions E{X,^) and 
/(A, ^), and tuning them so that Eos. (13.71) and (13.8|) hold, 
the dark state \D) and the quasi-dark state \D) switch 
with each other as the eigenstate Piip. This is a dual¬ 
ity between the dark state and quasi-dark state. In fact, 
taking the condition, ^ = 0 and A 7 ^ 0 (resp. ^ 7 ^ 0 
and A = 0), for the functions E{X,^) and /(A, 5) (resp. 
E{^, A) and /(5, A)), we realize that the duality holds be¬ 
tween the case with the condition, f = 0 and A 7 ^ 0, and 
the case with the condition, f 7 ^ 0 and A = 0. 


IV. HARMONIC OSCILLATOR ATOM’S CASE 

By the representation Eos. (12.61) the total Hamiltonian 
can read 


H = uJaa'^a+ ^ ejl3'lPj+ ^ (T*a^/Sj + Tj/3ja'j , 
i=i.2 i=i.2 

(4.1) 

where the coupling constants Tj are given by the same 
expressions as in Eg. (13.2D . In this section, we denote by 
Ej zeros of the function 

$(x) ={x - ei)(x - €2)Di{x) 

= {x - ei)(x - e2)(x - UJa) 

-\r,\^x-e2)-\T2\H^-ei). 

The equation, T^ = 0, is equivalent to that ej becomes 
one of zeros, i.e., 4>(ej) = 0. These cases are outside our 
interest. Thus, we will handle only the case where 


then the point x = E{X,^) is a zero of the function 
Di{x) as shown in SecO Through Eas. (l3.5|) and (13.6D . 
we realize that the eigenstate Pitjj/\/{Ppp\PiW) with the 
eigenenergy E{X,^) is obtained by normalizing Eg. (13.3D . 


EiTa 7 ^ 0 (Ass 2 ) 

throughout this section. Eollowing the Bogoliubov trans¬ 
formation in SeclHl we define the quasi-boson annihila- 
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tion operators Aj, j = 1 , 2 ,3, by 


A, =Nj 


E 




,.= 1,2 



+ E 


Mg(e^ - LOb) 
Ki^Ej e^) 



(4.2) 


Nj, the eigenstate ^]| 0 )a| 0 )h| 0 )c becomes a dark state of 
the type found by Zhu et al. (see Eq. (4) of Ref. El): 


\V) := 


VI«P + |AP 
A 


|l)a|0)b|0)c 




7|0)a|0)^-|l)c- 


where the normalization factors Nj are 


= 1 


E 


|r. 


- 1/2 


(Ej - e.)= 


= D\(E,Y^I\ 


Using the annihilation operators Aj, creation operators 
Aj, and zeros Ej of the function 4>(a:), we can diagonalize 
the total Hamiltonian H as 

3 

E = (4-3) 

1=1 

We assume the following conditions: 

+ lEip + |r 2 p < UJa^b + WfjWc + bOcUJa, (AsS 3) 
Wa|«:p+ei|r 2 p + e 2 |rip < cOaUJbOJc- (Ass 4) 


Similarly to the dark state Eq.(15) of Ref. El observed by 
Emary, the light emission of this dark state \T>) is exactly 
zero. For any zero a; = E of the function $(a:), in the 
same way as in the two-level atom’s case, the eigenstate 
^j| 0 )a| 0 )b| 0 )c cannot become a quasi-dark state of the 
type found by Wang and Zhou whenever the condition, 
kX ^ 0, holds. 

Conversely, let us suppose that there is no atom-cavity 
interaction, i.e., A = 0, now. In the same way as we do 
above, the coefficient of the creation operator in the 
creation operator Aj is 

^ K {{Ej — u})"^ — \k\'^} ^ {Ej — uj)'^ — k*k^ 

and the coefficient of the creation operator in the cre¬ 
ation operator Aj is 


We can prove that the zeros Ej are positive and mutu¬ 
ally different under the assumptions (lAss l|) - (IAss 41) as 
shown in SeclB] and thus, we can make order the zeros 
Ej so that 0 < Al < E 2 < A 3 . Then, the diagonaliza- 
tion Eg. (14.3D implies that the eigenenergies of the total 
Hamiltonian H are Aini E 2 n 2 E^n^, nj = 0,1, 2, • • •, 
and the individually corresponding eigenstates are given 

by 


, / , , (4)^^ {Ar{Ar io)aio),io),. (4.4) 

Vni!n2!n3' 

We here consider the two cases, ^ = 0 or A = 0, again. 
We assume that there is no interaction between the atom 
and the one-mode Bose field, i.e., ^ = 0. We tune the 
frequencies Wb and ujc with each other as in Ea. (l3.4D . 
Then, the representation Eg. (14.2D tells us the coefficient 
of the creation operator in the creation operator Aj is 

X{Ej - uj) 

^(A,._^)2_|^|2- 

and the coefficient of the creation operator in the cre¬ 
ation operator Aj is 

N _ M _= TV__. 

^ K* {{Ej — ujY — |kP} ^ {Ej — w)2 — k*k 

It is easy to show the equation, $(a;) = — |«:p(a; — Wq), 
which tells us that the point a; = a; is a zero of the func¬ 
tion $(a;) provided that the frequency Wq agrees with the 
value UJ. Therefore, computing the normalization factor 


Nj 


(A,._^) 2 _|^| 2 - 


Therefore, although the eigenstate Aj|0)a|0)f,|0)c cannot 
become a dark state of the type found by Zhu et al El 
for an arbitrary zero a: = A of the function $(x) under 
the condition, k*^ ^ 0 , the eigenstate Aj|0)a|0)b|0)c with 
the eigenvalue uo becomes a quasi-dark state of the type 
found by Wang and Zhou Q: 


\V) := 


v'l^P + lAP 


|l)a|0)b|0)c 


x/l«P + |AP 


|0)a|l)b|0)c, 


provided that the frequency uoa agrees with the value ui. 
The boson emission from this state is exactly zero. 

In the same way as in the two-level atom’s case, these 
are the antipodes of the existence of a dark state and the 
existence of a quasi-dark sate in the harmonic oscillator 
atom’s case. Thus, we consider the duality under the 
condition that both the one-mode light and the one-mode 
Bose field can interact with atom, i.e., A^ 0. 

We tune the frequencies Wb and uJc with each other 
as in Eo. (l3.4D again. In addition, we also suppose that 
the parameter k is positive, and the parameters, A, are 
real. The representation Eg. (14.2D tells us the coefficient 
of the creation operator b^ in the creation operator Aj is 


(Ej 


AiV, _ 

LO k) {Ej — UJ — k) 


(Ej 


E{X, 0 ), 


(4.5) 
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and the creation operator in the creation operator Aj 
is 




{Ej — uj + k) {Ej — oj — k) 


iE,-Ei^,X)). (4.6) 


As shown in SeclCl if the parameters, A, k, satisfy the 
condition Ea. (l3.7D . i.e., /(A,^) = uj — uJa, then the point 
X = E{X,^) is a zero of the function $(a;). Eas. (l4.4L 
(1431) . and (14.61) tell us that in this case, one of the eigen¬ 
states Aj|0)a|0)b|0)c, j = 1,2,3, becomes 


\V) := 




+ A 2 


|l)a|0).|0)e- 


\/ 


A 2 


|0)a|0),|l)e. 


This is the type of the dark state that Zhu et al. found 
in Eq.(4) of Ref. 0, and there is no light emission from 
this state. Meantime, if the parameters, A, k, satisfy 
the condition Ea. (l3.8L i.e., f{^,X) = uj — uja, then the 
point X = E{^,X) is a zero of the function $(a;). So, in 
this case, one of the eigenstates A]|0)o|0)f,|0)c, j = 1,2,3, 
becomes 


\V) := 


\A?+? 


= |l)a|0)6|0).- 






=|0)a|l)6|0).. 


This is the type of the quasi-dark state that Wang and 
Zhou found in Eq.(ll) of Ref.Q, and there is no boson 
emission from this state. 

Therefore, we obtain the duality in the harmonic os¬ 
cillator atom’s case as well as in the two-level atom’s 
case. Namely, there is a switch between the dark state 
I'D) and the quasi-dark state \D) among the eigenstates 
A]|0)a|0)b|0)c, j = 1,2,3. In the same way as in the 
two-level atom’s case, the duality holds between the case 
with the condition, = 0 and A 0, and the case with 
the condition, ^ ^ 0 and A = 0. 

In the harmonic oscillator atom’s case we can show this 
duality for other eigenstates of the total Hamiltonian. 
Eor the number jh satisfying the condition, Ej^ = E{X, ^), 
under Eq. (1371) the eigenstates 



=al - 


A 


\/ + X'^ \/ kP + X'^ 


|0)a|0)b|0). 


are also a dark state, and for the number satisfying the 
condition, Ej^ = E{^,X), under Ea. ()3.8l) the eigenstates 


1 


lol — 




\Al 3 J \ \/k 2 -p 52 vb«2+|2 

are also a quasi-dark state. 


| 0 )j 0 )f,| 0 ), 

(4.8) 


other as in Ea. (l3.4p throughout this section. We also 
assume rir 2 ^ 0. In this section let us denote by 
(/? the eigenstate Piijj in the two-level atom’s case, and 
the eigenstate A(“^A]|0)a|0)f,|0)c in the harmonic oscil¬ 
lator atom’s case. We dehne the two expectation values, 
(&'^&)(A. 5 ) by {(p\b'^b\^), and (c1c)(a.5 ) by {ip\c^c\ip). We 
first note the following equations. For an arbitrary zero, 
X = E, oi the function Ili(x), it is also a zero of the 
function 4>(a;), and we have the equations. 


(A- 0 ^ 
E — Cl 
(A + O" 


E — 62 


2{E — UJa) 


2{E — UJa) 


(A + 0 ^ 

E-ea ’ 

(A- 0 ^ 

E-ei' 


Using these equations, we obtain each expression of the 
expectation values: 


(c^c)(A.C) 


(E - UJa)iE - uj) - e 
{E-ei){E-e2) 

{E - UJa){E - uj) - X^ 

{E-ei){E- 62 ) 


We here note that the exchange between the two values of 
A and leaves the zero E invariant because the exchange 
leaves the function $(a:) invariant: 


4>(a;) =(a; - ei){x - e 2 )(a: 

1 f(A- 0 ^ , 


X — ei 


- UJa) 


(A + OM 

X- 62 j 


Therefore, we obtain the duality, 

= (c^c)(^_A)- 

In particular, if the parameters. A, satisfy the condi¬ 
tion Ea. (j3.7|) . i.e., /(A,^) = uj — uJa, we can chose the 
zero as E = £((A,^), and then, we obtain the expecta¬ 
tion value, (6^6) (A,{) = 0 by our arguments in previous 
sections or by a direct computation. Let us now exchange 
between the two values as A' = ^ and = A. Then, we 
have the equation, f{^', A') = /(A, ^) = cu — uJa- Namely, 
the parameters. A', 5', satisfy the condition Eg. (13.81) . and 
thus, the point x = E{^',X') is a zero of the function 
4>(a:). Then, our arguments in the previous sections as 
well as the direct computation lead to the expectation 
value, (c'l'c)(A/,{q = 0: 

(c’''c)(c.A) = (c^c)(Aqe) = 0 = (^^^)(A.5)- 


VI. NECESSITY OF INTERACTION BETWEEN 
LIGHT AND ANOTHER BOSE FIELD 


V. DUALITY IN PARTICLE NUMBERS 

We suppose the case where k is positive, and A, ^ are 
real, and we tune the frequencies ujb and uJc with each 


In this section we show the necessity of an interaction 
between the one-mode light and the one-mode Bose held 
to obtain the chance of each of the existence of a dark 
state and the existence of a quasi-dark state in the case 





























Duality between Dark State and Quasi-Dark State 


7 


0 by using its contraposition. So, we assume that 
there is no interaction between the one-mode light and 
the one-mode Bose held, i.e., k = 0. Then, our total 
Hamiltonian has the form of 

H = uJaO^ a-\-uJbb^ b-i-LOcC^ c-\-{X* b-\-Xb^ c-\-^c^ a), 

and thus, we can use the argument we make above. More 
precisely, the only thing we have to do is to replace the 
annihilation operator /3j and creation operator /dj, the 
energies Cj, and the coupling constants Tj in Eos. (13.Ill 
and (HU) as follows: /3j —>■ 6 *, —>■ c^; ei —>■ Wf,, £2 —>■ ujy, 

Ti —>■ A, r 2 —Then, for the zero x = E of the 
function. 


$(x) ={x - UJb){x - UJc)Di{x) 

= {x - UJa){x - UJb){x - UJc) 

- |A|^(x-a;c) - |C|^(a:-Wb), 

the eigenstate of the total Hamiltonian H with the 
eigenenergy E has the expression. 


PiV'=|e)a|0)b|0), 

A 


l5)a|l)b|0). 


-|5)a|0)b|l)e, 


E-Ub' ' ' ' ' ' E-uJc 

for the two-level atom’s case, and the expression. 


addition, we have shown the necessity of an interaction 
between the one-mode light and the one-mode Bose field 
for those. 

At the tail end of this paper, we make a remark for 
Sec lIVI In the harmonic oscillator atom’s case, the three 
sorts of particles is all made by harmonic oscillators, and 
they mutually have the same type interactions. Thus, 
their mathematical roles are same, and Eq. dUZl) gives us 
the vacuum |0)a dressed with some photons and bosons 
as an eigenstate of our total Hamiltonian iJ. More pre¬ 
cisely, the replacement of the operators a** and 6*, and the 
parameters Ua, uJb, A, and k in Eq. (14.71) as a** —>■ b^, 
b^ —)■ , LOa — t (jJb-, ^b —^ X —^ A*, ^ —)■ and 

At —leaves our total Hamiltonian iJ invariant. We 
assume that the parameter ^ is positive, and the param¬ 
eters A, K are real. We tune the frequencies uJa and Wc 
as H = Wa = Wc- If the condition, /(A, k) = Q. — uib, 
holds, then the point x = E(X,k) is a zero of the func¬ 
tion, $a(a;) = (x — £i)(x — £ 2 )(x — oJb) — (A — k)^(x — 
£■2)12 — (A -I- k)^(x — ei)/2 with £j = {—1)1^. Thus, 

Eq. (14.7p says that for the number ja satisfying the condi¬ 
tion, Ej^ = E{X, k), for one of three zeros of the function 
<i)a, the state 





= 6 + 




| 0 )a| 0 )b| 0 ). 


Al]j 0 )a| 0 )b| 0 )e 

= ^ I 0 )a| 0 )b| 0 ) 

y h/ ujif h/ UJc J 

with 


becomes an eigenstate of our total Hamiltonian. The 
same eigenstate up to the factor (— 1 )"^“ can be derived 
from Ea. (l4.8|) by using the similar replacement, —>• c**, 

^ , oJa —t iOc-, t iOai ^ —t AC*, ^ ^ and 

At -A A*. 


N = 



|Ap 

(E-uJb)^ 


{E - cc ,)2 / 


for the harmonic oscillator’ case. Here the number j, 
is determined by Ej^ = E. Thus, because of the same 
analogy, we can expect neither a dark state nor a quasi¬ 
dark state for an eigenstate of the total Hamiltonian as 
long as we have the condition A^ 0. Therefore, we can 
say that we need the interaction between a one-mode 
light and a one-mode Bose field to obtain the dark and 
quasi-dark states when both the one-mode light and the 
one-mode Bose field interact with the atom. 


VII. CONCLUSION AND REMARK 

We have extended the notion of quasi-dark state by 
Wang and Zhou to our optomechanical system. We have 
theoretically proved that each of a dark state and a quasi¬ 
dark state has an individual chance to appear when a 
one-mode light and a one-mode Bose field interact with 
each other, even if their individual interactions with atom 
exist. We then have showed that there is a duality be¬ 
tween the dark state and the quasi-dark state. Thus, in 
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Appendix A: Bogoliubov transformation for Hbwa 

In this section we introduce the Bogoliubov transfor¬ 
mation used in Secllll 

We can give a matrix representation for the Hamilto¬ 
nian TIrwa as 


H^wa = {b^ d) "Hrwa 


with the matrix 


"Hrwa 


/ UJb a«*A 
\ K UJc) 


Its eigenvalues are ej, j = 1,2, given in Eg. (12.41) . We 













M. Hirokawa 


note the followings: 

Cj - OJb 


ej - ijJc 


(fo - 


= - 1 , 


= b. 


(Al) 

(A2) 


where the notations are 


k" = < 


K 

K 

\k\ 


if = At, 

if = K*, 

if = IkI 


and 



J = 


Applying the general theory of diagonalization of a ma¬ 
trix to our case and using Eqs. (ED and (IA2I) . we ob¬ 
tain the unitary matrix Li = ( | with its entries, 

\U21 U 22 J 

uij = Mj and U 2 j = Mjitj — uJb)/K* so that the diago- 

ei O' 

0 € 2 ^ 

ity and diagonalization can also be checked by a direct 
computation using Eqs. (EH) and (jA2p . Defining the an- 


nalization, U*'H^pJJ = 


holds. These unitar- 


nihilation operators, Pj, of bosons by 


= U* 


we obtain the representation of the quasi-boson annihi¬ 
lation operators, Pj, in Eg. (12.311 . and reach our desired 
diagonalization Eq. (EH by the unitary transformation, 

Hrwa = {b^ c^)U{U*'HYiSNAU)U* fo )• Meanwhile, the 


relation 


= U 


leads to Ea. (l2.6|) . 


Appendix B: Bogoliubov transformation for H in 
case of harmonic oscillators 

In this section the annihilation and creation operators, 
a and aP, are for the harmonic oscillator. We assume the 
condition rir 2 ^ 0. 

Using Eg. (12.61) our total Hamiltonian can read 

H = {Pi Pi at) n j 


with the matrix 


/ei 0 eA 

■H = I 0 £2 r2 I 


^{uja + (ab+uJc±VW} with W = i{(a;a - -|-(w;,- 

a;c)^-l-(a;c-a;a)^}-|-3(|Kp-|-|rip-|-|r2p). Thus, under our 
assumption (|Ass 21) we have the condition, 0 < F_ < F_|_, 
which determines the shape of the graph of the function 
<i)(a;). Then, since we have the values, $(ei) = |rip(e 2 — 
ei) > 0, $(£ 2 ) = —|r 2 p (£2 — £ 1 ) < 0, and <1)(0) < 0 due 
to the assumption (lAss 31) with the order 0 < £1 < £ 2 , 
we realize that the function <I)(a;) has mutually different 
positive zeros, and therefore, we can make our desired 
order, 0 < < E 2 < E 3 . Since we have the conditions, 

^{Ej) = 0 and Ej ^ £ 1 , £ 2 , as noted in Sec lIVl we obtain 
the equations, 

E^-iOa - Y. = J = 1A,3, 

u=1.2 


which implies the equation. 


{Ej - Ek) -11 + 


2 ^u){Ek 


= 0 . 


Because we now have the condition, Ej ^ Ek for j ^ fc, 
we reach the equation, 


i/=l,2 


|r. 


{Ej — e,^){Ek — £iy) 


= 0 . 


(Bl) 


Applying the general theory of diagonalization of a ma¬ 
trix to our matrix 7i, we obtain the unitary matrix V = 

All V12 Vi3\ 

V 21 V 22 V 23 with its entries, Viyj — NjT^/{Ej tn) 
\V31 V 32 V 33 J 

and V 3 j = Nj for v = 1,2 and j = 1,2,3 so that the 

[El 0 0 \ 

diagonalization, V*'HV = ( (^ E 2 0 1 , holds. These 

V 0 0 E3J 

unitarity and diagonalization can also be checked by a 
direct computation using Eo. dBlI) . Defining the annihi- 

MA b\ 

lation operators, Aj, of bosons by A 2 = V* c , 

\A3) \aj 

we obtain the expression of the quasi-boson annihila¬ 
tion operators. A, in Eg. (14.21) . and reach our desired 
diagonalization Eg. (14.31) by the unitary transformation, 

/aA 

H = {a\ aJ aI) v{v*nv)v* A 2 . 

W 

As for Eg. (14.21) . more precisely, we reach the expres- 
sion, 


Aj = vljPi + vljP2 + vljU 

* I \ 7 I \ * * 

= V3ja+ 2 ^ u^,,v,,^b+ 2 ^ U2,,v,,jC , 
v=l,2 v=l,2 

which leads to the concrete expression as in Eq. (14.21) since 
we have the expression of the coupling constant Ti, as 


of which eigenvalues are given as zeros of the function 
$(a:). We obtain the condition, 4>'(F±) = 0, where F± = 


r, = M,(^x + ■ 
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Appendix C: Remarks on zeros of <f>(a;) 

In this section we tune the frequencies Wf, and Wc with 
each other as in Eg. (13.41) . In addition, we suppose that 
the parameter k is positive, and the parameters. A, are 
real. As noted in Sec IIVI the condition, Ej ^ 0, holds 
if and only if the condition, 4>(ej) ^ 0, holds. Thus, 
all the zeros of the function $(x) and all the zeros of 
the function Di{x) agree provided that rir 2 ^ 0. We 
assume the condition, X ^ Then, since we can compute 
the coupling constants T^ as Tj = (A + we 

have the assumption, rir 2 ^ 0. 

For the function E(z) = to — kz the expression of 
$(E(z)) is 

^{E{z)) = — K^(l — z)(l + z){uj — UJa — Kz) 

+ |(l + z)(A-6^- ^(l-z)(A + er. 


Therefore, this equation leads to the followings: 
^ E {^/ X )) = - (^1 + 

and 

HE { x / 0 ) = - (^1 - (^1 + 0 

x|(c^-a;„)-(^|-0A|. (C2) 

Eg. dCll) implies that the point x = E{^/\) = E{X,^) is 
a zero of the function $(a:) if and only if the condition, 
/(A, ^) = w — Wa, holds. In the same way, due to Ea. (IC2l) 
we reach the equivalence between the fact that the point 
X = E{X/^) = E(^, A) is a zero of the function $(a:) if 
and only if the condition, /(^, A) = w — uja, holds. 
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